Abstract. Belief merging aims at building a common belief set issued from multiple belief sets. The quality of the resulting set is usually considered in terms of a closeness criterion between the initial belief sets and an integrity constraint with respect to the aim of the merging procedure. The notion of distance between belief sets is thus a crucial issue when we face the merging problem. The aim of this paper is to revisit belief merging operators, notably the majority and the arbitration operators, with the help of a new distance that considers, in a syntactical way, the importance of each symbol in the belief set.
Introduction
The goal of belief merging is to aggregate in a consistent way multiple beliefs usually represented as sets of logical statements so as to obtain a new set of statements [9, 7] . This paper considers distance-based belief merging which is based on three main components [6] : a notion of distance between propositional models, a function to aggregate the distances, and a procedure to select the closest eligible resulting sets w.r.t. the aggregation stage. Typical distances are usually based on Dalal distance [3] which evaluates the closeness in terms of truth value of the propositional symbols. In [2] it was shown that belief change based on Dalal's notion of minimal change entails some drawbacks. Indeed, minimal change in Dalal's work means changing a minimal number of truth values, but without consider how many statements are supported by each literal. This means that literals are considered with no connection to agents' beliefs. In this paper, we define a distance that takes into account the structure of the statements, i.e., the relations that occur between symbols and what they represent. For this, we propose to express beliefs in terms of prime implicants and prime implicates. Indeed, these two representations enable to represent how symbols are related: in terms of models (implicants) but also in terms of structure (implicates). Our assumption is that each clause in the prime implicates set is more relevant than an isolated symbol, once it represents better the notion of knowledge unit. In order to support this notion, we introduce the quantum notation that correlates prime implicants and implicates in a syntactical way.
Using this enriched representation, we can at first define a new distance; second we show the consequences on the behavior of belief merging procedures by focusing on two classical belief merging operators: arbitration [12] and majority operators [10] . The paper is structured as follows: in section 2, we introduce the quantum notation by presenting the formal definitions of prime implicants and prime implicates, and how we can use the quantum notation to characterize these forms. In section 3, we briefly recall the belief merging postulates, and the main characteristics of arbitration and majority operators. Section 4 revisits the arbitration and majority operators by showing how quantum-based merging operator behaves. Finally, we conclude the paper by considering some open issues.
Quantum Notation
Let L(P ) be a propositional logic language defined using a set of propositional symbols P = {p 1 , . . . , p n }. There are algorithms, e.g., [13] , to convert a formula φ ∈ L(P ) into conjunctive normal form (CNF) or into disjunctive normal form (DNF), such that φ ≡ CN F φ ≡ DN F φ . A conjunctive normal form of formula φ is a conjunction of clauses, CN F φ = C 1 ∧· · ·∧C m , where each clause C i is a disjunction of literals, In the following, a quantum (L, F ) is noted L F . The rationale behind the choice of the name quantum is to emphasize that our minimal unit of interest is the literal and its situation with respect to the theory in which it occurs. Example 1. Consider theory φ 1 given by the following CNF:
The literals that occur in φ 1 can be represented by the following set of conjunctive quanta: {¬p
}, where for conciseness, the sets of conjunctive coordinates contain the clause numbers instead of the clauses themselves.
The quantum notation can be used to characterize implicates and implicants as well as prime implicates and prime implicants of a formula φ given a CN F φ and a DN F φ . 
Proposition 1 (Implicant and Implicate in quantum notation
are the terms in set F } is an implicant of φ 1 because the union of the conjunctive coordinates associated with its quanta is equal to the set of clauses in CN F φ :
Definition 3 (Non redundancy condition). Let C be a clause represented as
The exclusive conjunctive coordinates of the quanta in D are: ¬p Given a theory φ, it is possible to determine the sets of conjunctive and disjunctive quanta that define, respectively, IP φ with respect to P I φ and P I φ with respect to IP φ . This is a minimal and enriched representation for prime implicantes and implicants sets, in the sense that it explicitly contains the "holographic" relation between literals in one form and clauses (or terms) in which they occur in the other form.
Example 3. Consider theory φ 1 introduced in example 1. Using a dual transformation algorithm (as presented in [1] ), it is possible to determine the following sets of prime implicates/implicants, represented as sets of quanta:
Let us observe that, according to the quantum notation, each literal in a clause C ∈ P I φ represents a subset of terms in IP φ , similarly each literal in a term D ∈ IP φ represents a subset of clauses in P I φ . Both clauses and terms are unique and not subsumed by any other. We propose to consider a clause in the P I set as minimal knowledge unit, once a clause represents a fact in the belief set. In order to know how many clauses in the P I set are affected by a literal we use the exclusive coordinates, i.e., the literal that represents alone more clauses in the P I set than others literals in the same term is considered critical by that term. We formalize this notion as follows:
Definition 4 (Critical literal). Let φ be a theory represented in quantum notation by the sets P I φ and IP φ , and
Example 4. Consider the sets P I φ1 and IP φ1 of theory φ 1 presented in example 3. Exclusive conjunctive coordinates mentioned in prime implicant ¬p
show that p 2 is more critical than p 1 since two prime implicates are related to p 2 .
Belief Merging
Belief merging [7] consists in aggregating different belief sets φ i , i = 1, . . . , n into one belief set. The initial belief sets may be inconsistent, i.e., φ 1 ∧ · · · ∧ φ n ⊢ ⊥, and thus the aggregation method should merge belief sets φ i in a consistent way. Among the different merging operators, let us mention the well known majority operators [10] and arbitration operators [12, 9] . In order to evaluate merging operators general properties have to be asserted. Such properties are described by the belief merging postulates [7, 8] . These postulates describe how merging should behave based on the following main principles: syntax independence and fairness (i.e., no preferences between beliefs φ i ). In order to introduce the merging postulates and operators we first give some technical notations. Let sets φ 1 , . . . , φ n be propositional formulas and IP φ1 , . . . , IP φn be their associated sets of prime implicants. Following [7] , Ψ represents the set {φ 1 , . . . , φ n } and IP Ψ = {IP φ1 , . . . , IP φn }. Indeed, IP Ψ is a multi-set consisting of sets of prime implicants. Let IP Ψ be the conjunction of all prime implicant sets:
If IP Ψ denotes a set of sets of prime implicants, ∆(IP Ψ ) is a set of terms representing the aggregation of the elements of IP Ψ .
Behavior of the operators
We rephrase belief merging postulates [7] as follows. Let µ be an integrity constraint and ∆ µ (IP Ψ ) be the resulting belief merging base s.t. integrity constraint µ holds:
This paper focus on two classical distance-based merging operators [6] , majority and arbitration. Arbitration characterizes the principle of the median alternative choice [9]
A majority operator characterizes the principle that if an alternative occurs at least n times in Ψ then this alternative should be present in the resulting base. Formally, majority merging is characterized by the following postulate:
Quantum-based Merging
The proposed distance is based on the notion of distance between terms, which is analogous to the notion of distance between models. The distance between two models is based on Dalal's one [3] and it has been widely used in belief change [5, 4] and belief merging [6, 8] . This distance represents the number of contradicting propositional symbols among two models. In this paper, we use the quantum notation, representing a belief base φ by P I φ and IP φ , and assume the new minimal knowledge unit as presented in section 2. The distance between two implicants is defined as follows: suppose a term D φ ∈ IP φ and a second term D, let L i ∈ D φ ∩ D be the set of contradicting literals. Now, let us focus on the set of exclusive conjunctive coordinates F i c associated to each of these contradicting literals and issued from D φ . This set represents the set of prime implicates that could no longer hold in P I φ if L i does not hold. Let κ be this distance: In the following, we focus on the cardinality of the set given by κ The distance between a conjunctive term D and a set of prime implicants IP φ is defined as the minimal value given by κ:
Example 5. Suppose the following belief sets Ψ = {φ 1 , φ 2 , φ 3 } such that:
The following table details the distance between each term and profile Ψ = {φ 1 , φ 2 , φ 3 }; we also mention between parenthesis the number of contradicting literals given by Dalal distance, calculated as
, in order to stress the difference between the two distances:
According to distance d, we now revisit the arbitration and majority operators. The arbitration operator is defined as follows. First, we define the distance between a term D and set Ψ as the max distance between D and each φ ∈ Ψ :
Next, we characterize the arbitration merging operator based on the quantum notation:
Definition 6 (Quantum-arbitration).
The key difference between the proposed operator and the classical definitions of arbitration [12, 9, 7] is related to the notion of quantum. In the existing definitions of arbitration, the underlying principle is to determine the models that represent a median solution: the solution "is not so far" from each φ i in terms of truth values. The quantumarbitration operator aims at calculating a median result which "is not so far" from each φ i in terms of relations between literals, i.e., what are the "average" implicates? There is a second key difference between the proposed definition of merging operator and the classical ones which are based on a selection of models. Those merging operators select the models which are the closest from the profile and for this, all the possible models are considered. In our context, only a subset of models is considered; the subset given by the prime implicants of each φ i . In our view, it is more realistic to focus on models that are directly issued from Ψ . It entails that if µ = ⊤ then the result is a subset of the union of all prime implicants:
Now, let us focus on the behavior of the quantum-arbitration operator: Theorem 1. ∆ a does not satisfy P 0 and P 1 and P 4. P 2, P 3, P 5 through P 8 hold.
Sketch of the proof:
Postulates P 0 and P 1 do not hold in the limited case where all belief bases of Ψ are inconsistent. In that case, set IP Ψ is empty and thus the set of eligible implicants D µ ∪ D Ψ is also empty. Since the conjunction of every belief bases and µ is consistent then there always exists an implicant 
Definition of ∆ a entails P 7 and P 8.
The remaining question is to know whether the quantum-arbitration operator is actually an arbitration operator:
The proof is straightforward. We conclude the characterization of quantum-arbitration operator with a result on the complexity aspect. Despite of the knowledge compilation in prime forms can lead to an exponentical number of clauses in the number of atoms, the experimental results obtained in belief change area [2, 11] allow us to stress that the number of prime implicants is usually significantly lower than the number of models and it means an increase in the computational efficiency. The quantum notation and distance d a emphasize the preservation of the implicates. It entails that the majority operator seems more accurate than the arbitration operator: keeping the most representative prime implicates. In order to define a quantum-majority operator, we first define distance d Σ which gives the overall number of prime implicates that are violated by a term D:
Based on this new distance, we introduce the majority merging operator based on the quantum notation:
Definition 7 (Quantum-majority).
The quantum-majority operator runs as follows: first, it considers all the implicants based on constraint µ and prime implicant D φ from Ψ . Since µ has to hold, for every D µ , the inconsistent part of D φ w.r.t. to D µ is removed so that it can be added to D µ . Second, the distance evaluates the quantity of prime implicates that will no longer hold; it follows that if the inconsistent part between D µ and D φ is related to many implicates that appear in each φ i , the distance will be quite high. Thus, as we want, the majority principle focuses on the prime implicates, i.e., the usage of the literals. Finally, the min function selects the resulting implicants that maximize the number of implicates that could still hold in the resulting base.
As for the quantum arbitration operator, the resulting base is defined w.r.t. the prime implicants that belong to IP µ and IP Ψ . Hence, if µ is skipped (µ = ⊤), we get that:
Again, as for arbitration operator, we focus on a subset of models, the subset characterized by the prime implicants of Ψ . Now, let us focus on the behavior of the quantummajority operator: Theorem 3. ∆ Σ does not satisfy P 0 and P 1 and P 4. P 2, P 3, P 5 through P 8 hold.
The proof is similar to the proof given for the quantum-arbitration operator.The remaining question is to know whether operator ∆ Σ is a majority operator:
The proof is straightforward. We conclude the characterization of quantum-majority operator with a result on the complexity aspect. To split the different stages (computing IP Ψ and ∆) allow us to give more importance to the merging stage. That is, since this stage is polynomial it is easier to evaluate and compare the resulting bases and thus to possibly reconsider the principle that have guided the process (arbitration or majority).
Example 6. Let us pursue example 5. For the sake of conciseness, we suppose that we do not consider any integrity constraint, i.e., µ = ⊤. Hereunder is the table that gives a summary of the results obtained using the quantum arbitration and majority operators. Minimal distances are emphasized (bold) in the table.
It follows that:
Notice that, we get results that really differ from the results given by the classical definitions of belief merging operators (showed in italic). For classical arbitration all terms would be chosen and for classical majority, besides of the terms chosen by our operator, the terms p 0 ∧ p 1 ∧ ¬p 3 and p 0 ∧ p 1 ∧ ¬p 2 would be chosen.
Conclusion
In this paper, we have proposed two new merging operators. These two operators take advantage of the representation of beliefs in a specific syntax: prime implicants and implicates and the quantum notation. We have shown that this specific syntax enables to revisit the notion of minimal unit of knowledge. By stressing the fact that the way the literals are used in each belief base should not be forgotten, we have defined a new distance and proposed two merging operators based on this distance. We have shown the properties of these new operators. The main characteristics are that (i) the Fairness postulate (P 4) no longer hold and (ii) the complexity results which emphasize the evaluation. Concerning postulate P 4, since we advocate that the result should be obtained by only considering the implicants of the initial belief base, we also advocate that this result is not so disadvantageous. Our work is clearly related to [7, 8] which have proposed many merging operators. The key characteristic of every proposed operators is to focus on models. None of the proposed distances (drastic distance, weighted Dalal) or operators (max, Gmax, Σ n ) enable to represent the proposed quantum-based operators. The closest definition of distance is the weighted Dalal which associates a numerical value to each propositional symbol. The key difference is at first the definition of the distance: the value of p may differ from the value of p; second the underlying rationale: taking into account the structure of the beliefs and third limiting the calculation of merging base by only using the initial implicants. This lead to get operators that behave differently. Our aim is to extend the results so that quantum-based merging operators can be expressed with the help of preferences as shown in [8] ; it will enable to characterize prime implicants/implicates belief merging in terms of representation theorems.
